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Abstract 

This paper is an attempt to better understand Tamarkin's ap- 
proach of classical non-displaceability theorems of symplectic geome- 
try, based on the microlocal theory of sheaves, a theory whose main 
features we recall here. If the main theorems are due to Tamarkin, 
our proofs may be rather different and in the course of the paper we 
introduce some new notions and obtain new results which may be of 
interest. 

Introduction 



In [12], D. Tamarkin gives a totally new approach for treating classical prob- 
lems of non-displaceability in symplectic geometry. His approach is based on 
the microlocal theory of sheaves, introduced and systematically developed in 
[31 m E]. (Note however that the use of the microlocal theory of sheaves also 
appeared in a related context in [TJ |9l [8].) 

The aim of this paper was initially to better understand Tamarkin's ideas 
and to give more accessible proofs by making full use of the tools of [5] and of 
the recent paper [2]. But when working on this subject, we found some new 
results which may be of interest. In particular, we make here a systematic 
study of the category of torsion objects. 

Let us first briefly recall the main facts of the microlocal theory of sheaves. 
Consider a real manifold M of class C°° and a commutative unital ring k of 
finite global dimension. Denote by D'^(kAf) the bounded derived category of 
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sheaves of k-modules on M. In loc. cit. the authors attach to an object F 
of D'^(kj\/) its singular support, or microsupport, SS(F), a closed subset of 
T*M, the cotangent bundle to M. The microsupport is conic for the action 
of M"*" on T*M and is involutive {i.e., co-isotropic). The microsupport allows 
one to localize the triangulated category D^(kjv/), and in particular to define 
the category D^(kM] U) for an open subset U C T*M. This theory is "conic", 
that is, it is invariant by the M^-action and is related to the homogeneous 
symplectic structure rather than the symplectic structure. 

In order to get rid of the homogeneity, a classical trick is to add a variable 
which replaces it. This trick appears for example in the complex case in [10] 
where a deformation quantization ring (with an ^-parameter) is constructed 
on the cotangent bundle T*X to a complex manifold X by using the ring of 
microdifferential operators of [11] on T*[X x C). Coming back to the real 
setting, denote by t a coordinate on M, by (t; r) the associated coordinates on 
T*R, by r*^^Qj(M X M) the open subset {r > 0} of T*{M x M) and consider 
the map 

p: Tf,>o}(M X M) ^ T*M, {x,t;^,r) ^ (x;^/r). 

Tamarkin's idea is to work in the localized category □'^(k^./xR; {r > 0}), 
the localization of D'^(kjv/xR) by the triangulated subcategory D|^<Q|(kMxiR) 
consisting of sheaves with microsupport contained in the set {r < 0}. He 
first proves the useful result which asserts that this localized category is 
equivalent to the left orthogonal to D|^<Q|(kMxM) and that the convolution 
by the sheaf k{f>o} is a projector on this left orthogonal. 

Let us introduce the notation D^(k]^) := D^(kMxR; {t > 0}) and, for 
a closed subset A C T*M, let us denote by D54(k]^j) the full triangulated 
subcategory of D^lkjj) consisting of objects with microsupport contained in 
p-^A. 

The first result of Tamarkin is a separability theorem. If A and B are 
two compact subsets of T*M, F e D^(kX^), G E D^(k].^), and if A n 5 = 0, 
then Hompb(k^)(-F, G) ^ 0. 

The second result of Tamarkin is a Hamiltonian isotopy invariance the- 
orem, up to torsion, that is, after killing what he calls the torsion objects. 
An object F G D^(k]|^) is torsion if there exists c > such that the natural 
map F — Tc^,{F) is zero, Tc^{F) denoting the image of F by the translation 
t H- t + c in the t- variable. Let I be an open interval of M containing [0, 1] 
and let $ = {(ps}s£i be a Hamiltonian isotopy (with ipo = id) such that there 
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exists a compact set C C T*M satisfying (Ps\t*m\c = idT*M\c for all s G /. 
Tamarkin constructs a functor D^(k]^) — )■ D^^(-^^(k]j) such that is 
isomorphic to F modulo torsion, for any F G D^(k][^). 

From these two results he easily deduces that if A,B C T*M are com- 
pact sets and if there exist F G D\{k]^), G G D^(k^j) such that the map 
RHompb(.j^7 -j{F,G) — )■ RHompb(k7 -j{F,Tc{G)) is not zero for all c > 0, then 
the sets A and B are mutually non displaceable, that is, for any Hamiltonian 
isotopy $ as above and any s G /, A fl ^Ps{B) ^ 0. 

Let us describe the contents of this paper. 

In Section [T] we recall some constructions and results of [3] on the mi- 
crolocal theory of sheaves. 

In Section [2] we recall the main theorem of [2] which allows one to quantize 
homogeneous Hamiltonian isotopies and we also give some geometrical tools 
relying homogeneous and non homogeneous symplectic geometry. 

In Section [3] we study convolution of sheaves on a trivial vector bundle 
E = M X V over M as well as the category □^'(k^;; U^), the localization of 
the category (kE) on = E x V x Int(7Q) where Int(7o) interior of 

the polar cone to a closed convex proper cone 70 in V. We prove in particular 
a separability theorem in this category. 

In Section H] we introduce the Tamarkin category D^ik]^), that is, the 
category D^iks] U^) ior E = M xR and 70 = {t > 0}. 

In Section \5\ we make a systematic study of the category of torsion 
objects, proving that this category is triangulated and also proving that, 
under some hypothesis on the microsupport, an object is torsion if and only 
if its restriction to one point is torsion (Theorem 15.121) . 

Finally, in Section [B] we give a proof of the Hamiltonian isotopy invariance 
theorem of Tamarkin. The existence of the functor mentioned above is 
now an easy consequence on the results of [2], and one checks that this 
functor induces a functor isomorphic to the identity functor modulo torsion. 
As already mentioned, Tamarkin's non displaceability theorem is an easy 
corollary of the preceding results. 

Note that, for the purposes we have in mind, we do not need to consider 
the unbounded derived category D(kjv/), as did Tamarkin, but only its full 
triangulated category D^^(kAf) consisting of locally bounded objects. Also 
note that our notations, as well as our proofs, may seriously differ from 
Tamarkin's ones. 
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In a next future, motivated by the papers of Fukaya-Seidel-Smith pQ and 
Nadler |H], we plan to use the tools developed here to study sheaves associated 
with smooth Lagrangian manifolds. 

Acknowledgment We have been very much stimulated by the interest of 
Claude Viterbo for the applications of sheaf theory to symplectic topology 
and it is a pleasure to thank him here. We also thank Masaki Kashiwara for 
many enlightning discussions. 

1 Microlocal theory of sheaves 

In this section, we recall some definitions and results from [5], following its 
notations with the exception of slight modifications. We consider a real 
manifold M of class C°°. 

Some geometrical notions ([51 § 4.2, § 6.2]) 

For a locally closed subset A of M, one denotes by Int(74) its interior and by 
A its closure. One denotes by Am or simply A the diagonal of M x M. 

One denotes by r : TM M and vr : T*M ^ M the tangent and cotan- 
gent bundles to M. If L C M is a (smooth) submanifold, we denote by T^M 
its normal bundle and T£M its conormal bundle. They are defined by the 
exact sequences 



One identifies M to T^^M, the zero-section of T*M. One sets f*M: = T*M\ 
TIjM and one denotes by tim'- T*M — )■ M the projection. 

Let / : M — be a morphism of real manifolds. To / are associated the 
tangent morphisms 



^TL ^ L Xm TM TlM 0, 
^ T*M ^ Lxm T*M T*L 0. 
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By duality, we deduce the diagram: 



(2) T*mJ^M XnT*N ^^T*N 



M ^=^= M ^ N. 

One sets 

TljN:=KeTf, = f-\Tl,M). 

Note that, denoting by the graph of / in M x A^, the projection T*{M x 
N) ^ M X T*N identifies T^^{M x N) and M Xn T*N. 

For two subsets 5*1, 5*2 C M, their Whitney's normal cone, denoted 
C {81,82), is the closed cone of TM defined as follows. Let (x) be a lo- 
cal coordinate system and let (x; v) denote the associated coordinate system 
on TM. Then 

{{xq-jVq) G 0(81,82) C TM if and only if there exists a se- 
quence {{Xn,yn, Cn)}n C 8i X 82 X M+ SUch that X„ A Xq, 
Vn A xo and c„,(x„, - Vn) ^ Vq. 

For a subset 5* of M and a smooth closed submanifold L of M, the Whitney's 
normal cone of 8 along L, denoted Cl{8), is the image in T^M of C{L, 8). 
If L = {p}, we write Cp{8) instead of C{p^{8). 

Now consider the homogeneous symplectic manifold T*M: it is endowed 
with the Liouville 1-form given in a local homogeneous symplectic coordinate 
system (x; ^) on T*M by 

otM = {^,dx). 
The antipodal map qm is defined by: 
(3) aM:T*M^T*M, 

If A is a subset of T*M, we denote by A°- instead of aM(^) its image by the 
antipodal map. 

We shall use the Hamiltonian isomorphism H : T*{T*M) ^ T{T*M) 
given in a local symplectic coordinate system (x;^) by 

H{{\,dx) + = -{\di) + {fi,d,). 
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Definition 1.1. (see [3 Def. 6.5.1]) A subset 5* of T*M is co-isotropic (one 
also says involutive) at p G T*M if for any 6 G T*T*M sucli tliat tlie Wliitney 
normal cone Cp{S, S) is contained in the hyperplane {v G TT*M; {v, 6) = 0}, 
one has —H{6) G Cp{S). A set S is co-isotropic if it is so at each p E S. 

When S is smooth, one recovers the usual notion. 
Microsupport 

We consider a commutative unital ring k of finite global dimension [e.g. 
k = Z). We denote by D(kM) (resp. D^(kM)) the derived category (resp. 
bounded derived category) of sheaves of k-modules on M. 

Recall the definition of the microsupport (or singular support) SS(F) of 
a sheaf F. 

Definition 1.2. (see [3 Def. 5.1.2]) Let F G D^Olm) and let p G T*M. One 
says that p ^ SS(F) if there exists an open neighborhood U oi p such that 
for any xq G M and any real C^-function ip on M defined in a neighborhood 
of Xq satisfying dip^Xo) G U and v9(xo) = 0, one has (Rr{a..^(a;)>o}(-F))j.(, ~ 0. 

In other words, p ^ SS(-F) if the sheaf F has no cohomology supported 
by "half-spaces" whose conormals are contained in a neighborhood of p. 

• By its construction, the microsupport is closed and is M"''-conic, that 
is, invariant by the action of on T*M. 

• SS{F)nTljM = 7rM(SS(F)) = Supp(F). 

• The microsupport satisfies the triangular inequality: if Fi ^ F2 ^ 
F3 is a distinguished triangle in D*'(kM), then SS(Fj) C SS{Fj) U 
SS(Ffc) for all k G {1, 2, 3} with j ^ k. 

Theorem 1.3. (see O Th. 6.5.4]) Let F G □'^(k^/). Then its microsupport 
SS(F) is co-isotropic. 

In the sequel, for a locally closed subset Z in M, we denote by k^ the constant 
sheaf with stalk k on Z, extended by on Af \ Z. 

Example 1.4. (i) If F is a non-zero local system on a connected manifold 
M, then SS(F) = TljM, the zero-section. 
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(ii) If is a smooth closed submanifold of M and F = k^r, then SS(F) = 
T^M, the conormal bundle to in M. 

(iii) Let ip be C"^-function with dip{x) ^ when (p{x) = 0. Let U = {x & 
M; (p{x) > 0} and let Z = {x E M; ip{x) > 0}. Then 

SS(kc/) = U Xm TliM U {(x; Ad(^(x)); ^{x) = 0, A < 0}, 
SS(k2) = Z Xm TIjM U {(x; Arf(^(x)); (^(x) = 0, A > 0}. 

(iv) Let (X, ^x) be a complex manifold and let ^ be a coherent module 
over the ring of holomorphic differential operators. (Hence, ^ rep- 
resents a system of linear partial differential equations on X.) Denote by 
F = R^om^^(^, iffx) the complex of holomorphic solutions of ^ . Then 
SS(F) = char(^), the characteristic variety of ^ . 

Functorial operations (proper and non-characteristic cases) 

Let M and be two real manifolds. We denote by qi {i = 1,2) the i-th 
projection defined on M x and by pi {i = 1, 2) the i-th projection defined 
on T*(M X A^) ~ T*M x T*N. 

Definition 1.5. Let /: M — )■ A^ be a morphism of manifolds and let A C 
T*N be a closed M"''-conic subset. One says that / is non-characteristic for 
A (or else, A is non-characteristic for /, or / and A are transversal) if 

f;\A)nT;,NcMx^T;,N. 

A morphism / : M — )■ A^ is non-characteristic for a closed R"'"-conic subset 
A of T*N if and only if Z^: M x^ T*N T*M is proper on /^^(A) and in 
this case /^/"^(A) is closed and ]R"'"-conic in T*M. 

We denote by um the dualizing complex on M. Recall that um is iso- 
morphic to the orientation sheaf shifted by the dimension. We also use the 

notation oom/n for the relative dualizing complex oom ® / ooj^ ■ We have 
the duality functors 

(4) BM{') = RJ^om{',ujM), 

(5) D'^(.) = R^om(.,kM). 

Theorem 1.6. (See O § 5.4].) Let f : M ^ N be a morphism of manifolds, 
let F G D^(kA/) and let G G □'^(k^v). 
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(i) One has 

SS{FmG) C SS(F) X SS(G'), 
SSiRJifamiqY^F^q^^G)) C SS(F)'^ x SS(G). 

(ii) Assume that f is proper on Supp(F). Then SS(R/!F) C /^/^^SS(F). 

(iii) Assume that f is non- characteristic with respect to SS{G). Then the 
natural morphism f~^G ^um/n f'{G) is an isomorphism. Moreover 
SS(riG) USS(/G) c /rf/-^SS(G). 

(iv) Assume that f is smooth {that is, submersive). Then SS(F) C M x tv 
T*N if and only if, for any j G Z, the sheaves H^{F) are locally constant 
on the fibers of f . 

For the notion of a cohomologically constructible sheaf we refer to [5l 
§ 3.4]. 

Corollary 1.7. LetFi,F2 G D^(kM). 

(i) Assume that SS(Fi) n 88(^2)'^ C T^M. Then 

SS(FiIf2) C SS(Fi) + SS(F2). 

(ii) Assume that SS(Fi) n 88(^2) C T^^M. Then 

SS(R^om(Fi,F2)) C SS(Fi)" + 88(^2). 
Moreover, assuming that Fi is cohomologically constructible, the natural 

L 

morphism D'Fi (g) F2 — KJifom {Fi, F2) is an isomorphism. 

The next result follows immediately from Theorem 11.61 (ii). It is a partic- 
ular case of the microlocal Morse lemma (see O Cor. 5.4.19]), the classical 
theory corresponding to the constant sheaf F = k^f . 

Corollary 1.8. Let F G □•^(k^); let ip: M ^ R be a function of class G^ 
and assume that (p is proper on supp(-F). Let a < b in M. and assume that 
dip{x) ^ SS(F) for a < (p{x) < b. Then the natural morphism 
RT{ip~^{] — 00, 6[); F) — )■ Rr((y9~^(] — 00, a[); F) is an isomorphism. 
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Corollary 1.9. Let I he a contractible manifold and let p: M x I ^ M 

be the projection. If F e D^(kjv/x/) satisfies SS(F) C T*M x T/J, then 
F ~ p-^Rp^F. 

Proof. It follows from Theorem 11.61 (iv) that the restriction -F|{^.}x7 is locally 
constant for any x G M. Then the result follows from Prop. 2.7.8]. □ 

Corollary 1.10. Let I be an open interval of M and let q: M x I I 

be the projection. Let F G D^'^kuxi) such that SS(F) n {Tl^M x T*I) C 
TIj^j{M X I) and q is proper on Supp(-F). Then we have isomorphisms 
Rr(M; F,) ^ Rr(M; Ft) for any s,t e L 

Proof. It follows from Theorem 11.61 that SS(Rg*(F)) C TjL Hence, there 
exists V G D^(k) and an isomorphism Rg^,(F) ~ Vj. (Recall that Vj = aJ^V, 
where aj — {pt} is the projection and V is identified to a sheaf on {pt}.) 
Since we have RT{M; F^) ~ (Rg^F)), the result follows. □ 

Kernels (P § 3.6]) 

Notation 1.11. Let Mi {i = 1,2,3) be manifolds. For short, we write 
Mif. = Mi X Mj (1 <i,j < 3) and M123 = Mi x M2 x M3. We denote by qi the 
projection Mij — )■ Mj or the projection M123 — Mi and by qij the projection 
M123 — Mij. Similarly, we denote by pi the projection T*Mij T*Mi or the 
projection T*Mi23 — )■ T*Mj and by pij the projection T*Mi23 — )■ T*Mij. We 
also need to introduce the map pw^, the composition of pi2 and the antipodal 
map on T*M2. 

Let A C T*Mi2 and B C T*M23. We set 

A XT*M,a B = p^i{A)np^a\(B) 
AoB = pi3{AxT*M^a B) 

(6) 

= {{xi,X3;^u^3) e T*Mi3; there exists (x2;6) e T*M2, 
{xi,X2; 6, 6) e A ix2, xs; -^2, ^3) e B}. 

We consider the operation of composition of kernels: 

o: D\kMj X D*^(kM,3) ^ D\kM,:,) 

(i^l,K2) ^ KioK2:=Rgi3!(gr2 i^l® 923^2). 
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Let Ai = SS{Ki) C T*Mi^i^i and assume that 

{(i) gi3 is proper on q^2^ supp(i^i) n q^i supp(ii'2), 
(ii) p^iA,np^},A, n (t;,^Mi x t*m, x ti^^m^) 
CTX,^xM,xM3(^lX^2XM3). 

It follows from Theorem 11.61 that under the assumption ([S]) we have: 

(9) SS(i^ioi^2) C 

Characteristic inverse images 

Theorem 11.61 treats the easy cases of external tensor product or external 
Hom, non-characteristic inverse images or proper direct image. In order to 
treat more general cases we introduce some additional geometrical notions. 

Let A be a smooth Lagrangian submanifold of T*M. The Hamiltonian 
isomorphism defines an isomorphism 

T*A ^ Ta_T*M. 

Let j : L M be the embedding of a smooth submanifold L of M. The 
Liouville form defines an embedding 

T*L ^ T*TIM ~ TtimT*M. 

Now consider a morphism of manifolds f : M ^ N and let us identify M to 
the graph of / in M x A^. For a subset B C T*N one sets: 

(10) fKB) = T*M n Ct;^(m>cN){T*mM x B). 

In local symplectic coordinate systems (x; C,) on M and [y; 77) on A^ one has 

{(xo;^o) £ /"(-B) if and only if there exist sequences 
{xn}n C M and '7n)}n C B such that 
Xn Xo, ^f'{Xn) ' Vn ^ ^0 and - f{Xn) \ ' \Vn\ ^ 0. 

For two closed M"''-conic subsets A and B of T*M one sets 
(12) A + B = T*MnC{A,B''). 
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Here, C{A,B°') is considered as a subset of T*T*M via the Hamiltonian 
isomorphism and T*M is embedded into T*T*M via the Liouville form om- 
In a local coordinate system, one has 

{{zq] Co) ^ A + B ii and only if there exist se- 
quences ^n)}n in A and {(?/„; ?7„)}„ in B such 
that x„ A zq, yn A zq, C„ + ?7n A Co and 
la^n - Unl ■ l^nl A 0. 

Theorem 1.12. (See |5l Cor. 6.4.4, 6.4.5].) Let Fi,F2 G D^(kM) and let 
G e Db(kjv). Then 

SS(FiIf2) cSS(Fi) + SS(F2), 
SS(R^om(Fi,F2)) C 88(^2) + SS(Fi)^ 
SS(/-^G) U SS{fG) C /»(SS(G)). 



Non proper direct images 

We shall also need a direct image theorem in a non proper case. 

Consider a constant linear map u of trivial vector bundles over M, that 
is, we assume that Ei = M x Vi {i = 1,2) and m: Vi — )■ V2 is a linear map. 
The map u defines the maps described by the diagram 



T*M xViX V2* 




T*M XV2X V{ 



Note that for a subset A of T*Ei we have 

(14) u^{uf{A))=vj'MA)). 

Notation 1.13. Let m: -Ei £'2 be a constant linear map of trivial vector 
bundles over M and let A C T*Ei he a. closed subset. We set 

(15) Ui{A) = v^'M^). 



11 



In Lemmas 11.141 and 11.151 below we use the notations 0^ Gn and Hn 
for a family {GnjneN in D^(kA/). We define it as follows. Let M x N — )■ 
M be the projection. Then we have a unique G e D^(kMxN) such that 
G\Mx{n} — Gn-, for all n, and we set 0^ G„, := Rp\G and Hn '■= Rp*G. 

Lemma 1.14. Let M he a manifolds and let {f/„}nGN be an increasing se- 
quence of open subsets of M such that M = IJn^"- Then, for any F G 
□'^(k^), we have the distinguished triangles 




n n n n 

where Si is the sum of the natural morphisms Fu^ — Fjj^^-^^ and S2 the product 
of the natural morphisms KTu^^^-^lF) — )■ KTu^lF) for n > and the zero 
morphism for n = —1. 

Proof. These triangles arise from similar exact sequences of sheaves when F 
is a flabby sheaf. The exactness can be checked easily on the stalks in the 
first case and on sections over any open subset in the second case. □ 

Lemma 1.15. Let f : M ^ N be a morphism of manifolds and let {Un}nm 
he an increasing sequence of open subsets of M such that M = f/„. Then, 
for any F G D^(kM), we have 

SS(R/,F) c |JSS(R/!(F^J), SS(R/,F) c |J SS(R/3rc/„(F)). 

n n 

Proof. We can check, similarly as in [5l Exe. V.7], that for any family 
{G„}„eN in Db(k^) we have SS(0„ G^) U SS(n„ Gn) C UnSS(G„). Then 
the result follows from Lemma 11.141 and the fact that R/i commutes with © 
and Rf^ with Y[- D 

The following result is due to Tamarkin [121 Lem. 3.3] but our proof is 
completely different. 

Theorem 1.16. Let u: Ei ^ E2 be a constant linear map of trivial vector 
hundles over M and let F G □'^(k^^J. Then SS(Rm,F) C mb(SS(F)). The 
same estimate holds with Ku\F replaced with Ku^F. 
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Proof, (i) By decomposing u by its graph, one is reduced to prove the result 
for an immersion and for a projection. Since the case of an immersion is 
obvious, we restrict ourselves to the case where E = M x V and u: E ^ M 
is the projection. Moreover the result is local on M and we may assume that 
M is an open subset in a vector space W . 

(ii) We consider (xo;^o) e T*M ~ M x VT* such that (xo;^o) ^ ms(SS(F)). 
We will prove that (xo;^o) ^ SS(Rm!F) U SS(Rm*F). If = 0, then F\u^v - 
for some neighborhood U of Xq and the result follows easily. Hence we 
assume that .^o 7^ 0. Up to shrinking M we may find an open cone C C 
W* X V* such that (^0, 0) G C and SS(F) n ((M xV)xC)=ib. 

(iii) We choose an open convex cone 7 C x such that 7 fl ({0} xV) = 
{(0,0)} and 7° C C. We also choose two sequences of points {-ZnjnGN, resp. 
{z'n}nmi oi W X V such that W x V i?, the increasing union of the cones 
111 = Zn — 7, resp. 7^ = 2;^ + 7- By Lemma [1.151 it is enough to show 

(SS(Ru,Rr^„F) U SS(Rn!(F^J)) n (M x (C n {W* X {0})) = 0. 



(iv) By LemmaEISlbelow SS(k— ) (l{WxV)x Using D'^/k— ) ~ k^„ 

we deduce SS(k^J ^{W xV)xC. Similarly SS(k^J (l{W xV)x 
Since SS(F) n ((M x 1/) x C) = 0, Corollary O gives 

(SS(Rr,„F) U SS((F,, ))) n ((M x x C) = 0. 

Since 70 ({0} xV) = {(0,0)} the map u: M xV ^ M is proper on all 7^ 
and 7^ and the result follows from Theorem 11.61 (ii). □ 

For a trivial vector bundle E = M xV denote by 

(16) 9e:T*E^T*MxV*, 

or TT if there is no risk of confusion, the natural projection. We say that a 
subset of T*M x V^* is a cone if it is stable by the multiplicative action of 
given by 

(17) X-{x;^,v) = {x;X^,Xv). 

We will be mainly concerned with the case where F G D^(\<.e) has a micro- 
support bounded by tt^^{A) for some closed cone A C T*M x V*. 
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Let u: El = M X Vi ^ E2 = M X V2 he a. constant linear map of trivial 
vector bundles over M and denote by 

(18) Ud-. T*M X V* T*M X V* 

the map associated with u. 

Corollary 1.17. Let u: Ei ^ E2 he a constant linear map of trivial vector 
bundles over M and let F e D^{kE,). A ssume that SS{F) C tt^^{Ai) for 
a closed cone Ai C T*M x V{ . Then SS(Ru\F) C Trj^^u'^'^{Ai). The same 
estimate holds with KuiF replaced with Ku^F. 

Proof. We have VT^inj^^^Ai)) = Ai x V2 and this set is closed. We thus have 

= u-\Ai)xV2 = n^luf{A,). 

□ 

Localization 

Let =^ be a triangulated category, ^ a null system, that is, a full triangulated 
subcategory with the property that if one has an isomorphism F ^ G in 
with F G then G G The localization j jV is a well defined 

triangulated category (we skip the problem of universes). Its objects are 
those of 3^ and a morphism u: Fi — F2 in ^ becomes an isomorphism in 
3^ I J/ if, after embedding this morphism in a distinguished triangle Fx — )■ 

F2 F3 one has F3 G jY . 

Recall that the left orthogonal JY^'^ of jY is the full triangulated sub- 
category of defined by: 

^^,1 = e ^; Hom ^(F, G) ~ for all G G ^}. 

By classical results (see e.g., [6], Exe. 10.15]), if the embedding .jV^'^ 
admits a left adjoint, or equivalently, if for any F G S/' ^ there exists a 

distinguished triangle F' ^ F ^ F" ^ with F' G JY^'^ and F" G JY , then 

there is an equivalence ^ ,^ / ^ . 

Of course, there are similar results with the right orthogonal 
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Now let Uhea subset of T*M and set Z = T*M\U. The full subcategory 
□^(ki/) of D'^(kjvf) consisting of sheaves F such that SS(F) C Z is a null 
system. One sets 

D'^(kM;t/):=D^(kM)/D|(kM), 

the localization of D'^(kj\/) by D|;(kj\/). Hence, the objects of □'^(k^/; U) are 
those of □''(kjvf) but a morphism u: Fi — F2 in D^(kjv^) becomes an iso- 
morphism in D^(kjv/; U) if, after embedding this morphism in a distinguished 
triangle F^ ^ F2 ^ F3 A, one has 88(^3) n f/ = 0. 

For a closed subset A of U , D^(kjv/; U) denotes the full triangulated sub- 
category of D'^(kjv/; U) consisting of objects whose microsupports have an 
intersection with U contained in A. 

Quantized symplectic isomorphisms ([51 §7.2]) 

Consider two manifolds M and A^, two conic open subsets U C T*M and 
V C T*N and a homogeneous symplectic isomorphism x'- 

(19) T*N D 1/ ^ t/ C T*M. 

X 

Denote by V"" the image of V by the antipodal map a^v on T*N and by A 
the image of the graph of ip by idu ^cin- Hence A is a conic Lagrangian 
submanifold oi U x V"". A quantized contact transformation (a QCT, for 
short) above x is a kernel K e D''(kMxAr) such that SS{K) (1 {U x V) C A 
and satisfying some technical properties that we do not recall here, so that 
the kernel K induces an equivalence of categories 

(20) Kc: D\k,,;V)^D\kM;U). 

Given x and q E V, p = xil) ^ U , there exists such a QCT after replacing 
U and V by sufficiently small neighborhoods of p and q. 

Simple sheaves ([51 §7.5]) 

Let A C T*M be a locally closed conic Lagrangian submanifold and let p G A. 
Simple sheaves along A at p are defined in [5l Def. 7.5.4]. 

When A is the conormal bundle to a submanifold C M, that is, when 
the projection 7rj\/|A: A — M has constant rank, then an object F G D'^(kj\,/) 
is simple along A at p if F ~ kjv [d] in D^(kjv/;p) for some shift d E'L. 
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If SS(-F) is contained in A on a neighborhood of A, A is connected and F 
is simple at some point of A, then F is simple at every point of A. 

The functor jihom (P §4.4, §7.2]) 

The functor of microlocalization along a submanifold has been introduced 
by Mikio Sato in the 70 's and has been at the origin of what is now called 
"microlocal analysis" . A variant of this functor, the bifunctor 

(21) /i/iom: D^(kM)°'' x D"(kM) ^ D"(kT.A/) 

has been constructed in jS]. Let us only recall the properties of this functor 
that we shall use. For F,G E D^(kM), with F cohomologically constructible, 
we have 

RvTAf ,/i/iom(F, G) ~ RJifom{F,G), 
R7rM\fihom{F,G) ~ D'^j{F)^G 
and we deduce the distinguished triangle 

(22) ^MiF) k)G^ RJ^om {F, G) R7rA/*(/i/iom(F, G)^.^) A . 

Let A C T*M be a locally closed smooth conic Lagrangian submanifold and 
let F G □'^(k^f) be simple along A. Then 

(23) /i/iom(F, F) |a ~ kA. 

2 Quantization of Hamiltonian isotopies 

In this section, we recall the main theorem of [2]. 

We first recall some notions of symplectic geometry. Let X be a symplec- 
tic manifold with symplectic form u. We denote by X" the same manifold 
endowed with the symplectic form —u. The symplectic structure induces the 
Hamiltonian isomorphism h: TX T*X by h{v) = iv{i^), where denotes 
the contraction with v (in case X is a cotangent bundle we have h = —H~^, 
where H is used in Definition II. ip . To a vector field v on X we associate in 
this way a 1-form h{v) on X. For a C°°-function / : X — )■ M, the Hamiltonian 
vector field of / is by definition Hf := —h~^{df). 
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A vector field v is called symplectic if its flow preserves lo. This is equiv- 
alent to ^v{u) = where =Sf„ denotes the Lie derivative of v. By Cartan's 
formula (^Sf^, = dt^ + L^d) this is again equivalent to d{\\{v)) = (recall 
that du = 0). The vector field v is called Hamiltonian if h{v) is exact, or 
equivalently v = Hf for some function / on X. 

Let / be an open interval of M containing the origin and let $ : X x / — X 
be a map such that : = $(■, s): X ^ X is a symplectic isomorphism for each 
s G / and is the identity for s = 0. The map $ induces a time dependent 
vector field on X 

(24) Vcs>:= —: Xx I ^TX. 

OS 

The "time dependent" 1-form (3 = h(t;$) : XxJ — )■ T*X satisfies d{/3s) = for 
any s G /. The map $ is called a Hamiltonian isotopy if Vcs>^s is Hamiltonian, 
that is, if Ps is exact, for any s. In this case we can write (5^ = —d{fs) for 
some C°°-function / : X x / M. Hence we have 

ds 



The fact that the isotopy $ is Hamiltonian can be interpreted as a geo- 
metric property of its graph as follows. For a given s G / we let A^ be the 
graph of ^p~'^ and we let A' be the family of A^'s: 

A, = {(^,(t;),t;);t;GX"}cXxX», 

A' = {{^^{y),v, s) ; G X^ s G /} C X x X" x /. 

Thus A<i is a Lagrangian submanifold of X x X"^. Now we can see that $ is 
a Hamiltonian isotopy if and only if there exists a Lagrangian submanifold 
A C X X X" X T*I such that, for any s G /, 

(25) A, = A o T*I. 

(Here, the notation • o • is a slight generalization of ^ to the case where 

the symplectic manifolds are no more cotangent bundles.) In this case A is 
written 

(26) A = {(<l>(t;,s),t;,s, -/($(.;, s),s));t;GX,sG/}, 

where the function /: X x / ^ M is defined up to addition of a function 
depending on s by Vi^^g = Hj^. 
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Homogeneous case 

Let us come back to the case X = f*M and consider f*M x I ^ f*M 
such that 




(fs is a homogeneous symplectic isomorphism for each s G /, 



In this case $ is a Hamiltonian isotopy and there exists a unique homogeneous 
function / such that v^^s = Hf^. It is given by 

(28) f = {a,v^):f*M X I ^R. 

Since / is homogeneous of degree 1 in the fibers of T*M, the Lagrangian 
submanifold A of f*M x f*M x T*I associated to / in ([22]) is M+-conic. 

We say that F G D(kjv./) is locally bounded if for any relatively compact 
open subset f/ C M we have F\u G □''(kt/). We denote by D^^(kM) the full 
subcategory of D(kM) consisting of locally bounded objects. 

Theorem 2.1. ([21 Th 4.3].) Consider a homogeneous Hamiltonian isotopy 
$ satisfying the hypotheses fl27|) . Let us consider the following conditions on 

G Dlb(kMxAfx/).- 

(a) SS{K) C A U Tl,,^,j{M x M x I), 

(b) Kq ~ kA, 

(c) both projections Supp(ii') =^ M x J are proper, 

(d) KsoK-^ ~ K-^oKs - kA, where R-^ = v~^Rjeom{Ks,ujM ^ k^) 
and v{x, y) = {y, x). 

Then we have 

(i) The conditions and (jb]) imply the other two conditions (jCj) and ([d]) . 

(ii) There exists K satisfying ^-([3]). 

(iii) Moreover such a K satisfying the conditions (iaj)-(Id]) is unique up to a 
unique isomorphism. 

We shall call K the quantization of $ on /, or the quantization of the 
family 



18 



Non homogeneous case 



Theorem l2.1l is concerned with homogeneous HamUtonian isotopies. The next 
resuh will allow us to adapt it to non homogeneous cases. Let $ : T*M x / — )■ 
T*M be a Hamiltonian isotopy and assume 



(29) 



fthere exists a compact set C C T*M such that 
\^s\t*m\c is the identity for all s E I. 



We denote by T^^^^y{M x M) the open subset {r > 0} of T*(M x M) and we 
define the map 

(30) p: T^r>o}iM X M) ^ T*M, (x, t; ^, r) ^ (x; ^/r). 

Proposition 2.2. (|2l Prop. A. 6].) There exist a homogeneous Hamiltonian 
isotopy^: t*{MxR)xI ^ t*{MxR) and -functions u: T*MxI ^ R 
and v: / R such that the following diagram commutes: 

T{r>o}iM X M) X / * -Tl^>o}iM x M) 

pxid/ p 

T*M X I ^ T*M 

and 

(31) $((x; 0, it; r), s) = ((x'; {t + ^(x; C/r, s); r)), 

(32) $((x; 0, (t; 0), s) = ((x; 0, (^ + ^^(s); 0)), 

where (x';,^'/r) = (Ps{x]^/t). Moreover we have u{x;C,/t,s) = v{s) for 
{x-ilr)^C. 



3 Convolution and localization 

Most of the ideas of this section are due to Tamarkin [12] . The reader will be 
aware that our notations do not follow Tamarkin's ones. We also give some 
proofs which may be rather different from Tamarkin's original ones. 
In all this section, we consider a trivial vector bundle 

(33) q:E = MxV^M 
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and a trivial cone 7 = M x 70 C such that 

(34) 7o is a closed convex proper cone of V containing and 70 7^ {0}. 

The polar cone 7q C V* is the closed convex cone given by 

-f° = {ee V*; {6, v) > 0} for all v G 70. 

Many results could be generalized to general vector bundles and general 
proper convex cones, but in practice we shall use these results with \^ = M 
and 7o = G ^ > 0}. Recall that a subset in T*M x V^* is a cone if it is 
invariant by the diagonal action of M"*" (see (fT7|) ). 

Definition 3.1. A closed cone A C T*M x V* is called a strict 7-cone if 
A C (T*M X Int7S) U T^jM x {0}. 

Example 3.2. Assume V = M and M is open in R'^. Denote by {t; r) the 
coordinates on T*M and by {x; ^) the coordinates on T*M. Let 70 = {t € 
M; t > 0}. Then a closed cone A C T*M x is a strict 7-cone if, for any 
compact subset C C M, there exists a G M, a > such that r > a|^| for all 
(x;e,r)eAn(7r,"/(C)x V*). 

Remark 3.3. If /: — M is a morphism of manifolds and A C T*M x V* 
is a strict 7-cone, then / x idy : N ^ M is non-characteristic for 
7r^^(y4) (where is defined in f lTB]) ). 

In the sequel, we consider the maps 

/ggN gi,g2,s: 1/ X 1/ ^ V, 

gi(^'l, ^^2) = ^'l, ^2(^1, ^'2) = V2, s{Vi, V2) =Vi + V2. 

If there is no risk of confusion, we still denote by gi, q2, s the associated maps 

We denote by 5m the diagonal embedding 
(36) Sm- M ^ M X M 

and if there is no risk of confusion, we still denote by 6m the associated map 
MxVxV--)-MxMxVxV, that is, the map E Xm E ^ E x E. 
The maps s and 6m give rise to the maps: 

T*{E Xm E) ^ M Xm.m T*{E Xm E) ^ T*{E x E), 
T*{E Xm E)4^V xy^y T*{E Xm E) ^ T*E. 
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On T*E we have the antipodal map a, but there is another involution asso- 
ciated with a and the involution (x, y) i— )■ (x, —y) on E. We denote by a the 
involution of T*E 

(37) a: {x,y;^,r]) {x,-y;-^,ri) 

and for a subset A C T*£' we denote by A" its image by this involution. 
We also denote by a the involution of T*M x V* defined by (x; ^, 77) 1— )■ 
(x;— ^,77). Hence for A C T*M x V* we have, using the notation fll6p . 

Convolution 

Recall the notations f lTU]) and (1T5]). 

Notation 3.4. For two closed subsets A and B in T*£', we set 

(38) Ai^B ■=sAi^^ B). 

In general, the calculation of A ^ 5 is difficult. In Lemmas 13.51 and 13.71 
below we consider special situations in which this calculation is easy. 

Lemma 3.5. Let A' and B' be two closed cones in V* . Set A = T*MxV xA' 
and B = T*M x V x B' . Then 

(39) Ai^B = AnB. 

Proof. Using the hypothesis on A and B, it follows from fllip that 

6lj{A X B) = T*M xV xV X A' X B'. 
Then the result follows from Corollary 11.171 □ 
Notation 3.6. Let A and B be two closed cones in T*M x V*. We set 

A + B = {(x;^,7]) e T*M x V*; there exist ^1, 6 e T^M such 

(40) M 

that (x; ii,r]) e A, (x; ^2, t]) e B and ^ = ^1 + {2}- 

Lemma 3.7. Consider two closed strict --f -cones A and B in T*M x V* . 
Then A + B is also a strict 'j-cone and 7f^^(A) ^ 7r^^(i?) = tTtt^^A + B). 

M M 

In particular, if An B C Tl^M x {0}, then 

{%\A)^ {7^~^\B)r) n {t;,m X T*V) C T*E. 
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Proof. The fact that A + B is a. strict 7-cone follows easily from the definition. 

AI 

By Remark E31 vr^^(^) x Tf^^B) is non-characteristic for the inclusion 
Sm'-MxVxV^MxMxVxV and we may replace by Sm^S^^^ 
in dMD- We find 6Un^\A) x {n^^B))) = ^l^^y^C,), where 

Ci = {{x; ^, rii, r/2) G T*M xV* xV*; there exist 6, 6 e T*M such 

that (x; ^1, ?7i) G A, (x; ^2, ^72) G 5 and ^ = ^1 + ^2} 

and the result follows. □ 

Using the notations fl35l) . the convolution of sheaves is defined by: 

Definition 3.8. For F,G e D^iks), we set 



(41) F^G := Rsiiq^^F (E)q2G) -Rsi6jl{F^G), 

(42) Fi^npG := Rs,{q^^Fh)q^^G) -RsJl^iF^G). 
The morphism — )■ kAfx{o} gives the morphism 

(43) F^^pk^^F. 



Recall the following result: 

Proposition 3.9. (Microlocal cut-off lemma [5l Prop. 5.2.3, 3.5.4]) Let F E 
D^{kE). Then SS(F) C T*M x V x -f° zf and only if the morpMsm (03]) zs 
an isomorphism. 

If 7o has a non-empty interior we have k^^ ~ Dy(kint7o) and we deduce 
from Corollary 11.71 (ii) that 

(44) F -k^p kj — Rs^^RF^f xy xint7o 

Following Tamarkin |12], we introduce a right adjoint to the convolution 
functor by setting for F,G E D^(k^) 

(45) jrom*{G,F) := RquRjeom{q^^G, s'F). 
Hence for Fi, F2, F3 e D^(k£;), we have 

(46) RHom (Fi * F2 , F3) ~ RHom (Fi , ^om* (^2,^3)). 
We use the notation: 

(47) i: E ^ E denotes the involution (x, y) h- )■ (x, —y)- 
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Lemma 3.10. For F,G G D^(kE) we have 

jeom*{G,F) ~ Rs,Rjeom{q^H-^G,q:^F), 

Fi.G ~ Rqi,{s-^F®q:^^i-^G). 

Proof. We only prove the first isomorphism, the second one being similar. 
We set / := (s, -^2) : E Xm E ^ E Xm E, (x, fi, V2) (x, Wi + V2, -V2). We 
find / o / = id, s = gi o /, ^2 ° / = ^ o Since / is an isomorphism R<;?^om 
commutes with ~ /•. Since / o / = id we have = We deduce the 
isomorphisms: 

Jfbm*(G, F) ~ RquRJ^om {q^^G, s'F) 

~ RquR^om if-'q^H-'G, fq[F) 
~ Rgi J-iR.^om (q^'t-'G, q[F) 
~ Rs^RJ^om {q^H'^G, q[F). 

□ 

Proposition 3.11. For Fi, F2, F3 E □'^(k^;) we have 

^ ^ J^om*{Fii.F2,F3) ~ ^om*(Fi, jrom*(F2,F3)). 

Proof, (i) The first isomorphism is proved in the same way as the associativity 
of the composition of kernels: we check easily that both sides are isomorphic 

to Ra\{q^^{Fi)h)q2^{F2)k)qs^{F3)) where a: M x V''^ ^ M x V is given by 
cr(x, vi,V2, v-s) = (x, V1 + V2 + W3) and gi : M x — )■ M x is the projection 
on the i^^ factor V. 

(ii) We use the Yoneda embedding to prove the second isomorphism. We 
apply the functor B.om^i,^^^^{H, •) for any H G □'^(k^;) to each term of 
this formula. One gets an isomorphism in view of the adjunction isomor- 
phism (H^ and the associativity of -k proved in (i). □ 

Proposition 3.12. Let q: E ^ M and q' : M x V x V ^ M be the projec- 
tions. For F,G, H G D^(k^) we have 



(49) Rg,(R=^om (F, J^om*{G, H))) Rq,{RJ^om (FkG,H)), 

Rq'liqi F ®q^^G ^ s 



^^Q^ Rq,{{Fi.G)®H) ~ Rq',{q^^F®q^^G^s-^H) 



23 



Proof. The first isomorphism follows by adjunction from (HTj) and fl45l) . using 
qoqi = qo s. The second and third ones follow from the projection formula, 
the identities qoqi=q' = qos and Lemma 13.101 □ 



Recall that the involution ( • )" is defined in ([3 

Proposition 3.13. For F,G G D^(k£;) we have 

, . SS(F*G) C SS(F)^SS(G), 

^ ^ SS(Jfbm*(G,F)) c SS(F)?SS(G)". 

Proof. Both inclusions in ( ISTl) follow from ( HTi) . ( 1381) and Theorems 11.121 
and I1.16[ For the second one we also use Lemma 13.101 and SS(z~^(j)" = 
SS(G)°. □ 

Using ( IST]) and (!39|) . we get: 

Corollary 3.14. Let F, G G □'^(k^;) and assume that there exist closed cones 
A', B' C V* such that SS(F) C T*M x x A' an(i SS(G) C T*M xV xB'. 
Then 

, . SS{Fi.G) CT*M xV X {A' nB'), 

^ ^ SS(jrom*(G, F)) C T*M x ^ x (A' n B'). 

Corollary 3.15. Let F,G & □'^(k^;) and assume that there exist closed strict 
j-cones A and B in T*M x V* such that SS(F) C tt^^A) and SS(G') C 
Tij^^^B). Let N be a submanifold of M and j : N xV ^ M xV the inclusion. 
Then 

j-^J^om*{F,G) ~ Jfom*{j-^F,j-^G). 
Proof By Proposition [3l3] and LemmaEZl SS(^om*(F, G)) C tt^^A + B) 

M 

and A + B is a strict 7-cone. By Remark 13.31 we deduce j'H ~ j^^H ® 

M 

^Ny<v\Mxv for H = F,G or ,y^om*{F, G). This gives the first and last steps 
in the sequence of isomorphisms, where we set j' = j x idy: 

j-i^om*(F, G) ~ fRquR^om {q^'F, s'G) ® uj%-\ 



NxV\MxV 
NxVlMxV 



RqiJ-Rjeom {q^^F, s'G) O o;®"^ 

NxV\MxV 



Rqi^Rjeom {q^^j'^F, s-fG) ® u®-^ 



□ 
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Kernels associated with cones 



Recall that we consider a trivial vector bundle E = M xV and a trivial cone 
7 = M X 7o satisfying flMl) . For another proper closed convex cone Xq (Z V 
such that Ao C 70, setting A = M x Aq, we shall use the exact sequence of 
sheaves: 

(53) ^ k^\A ^ ^ kA ^ 0. 

Lemma 3.16. Let Aq C 70 be closed convex proper cones. Then 

SS(k^) C T*^M xVx 7°, 
SS(k,\A)cr;,MxVx(A°\Int(7o)). 

Proof. Since our sheaves are inverse images of sheaves on V we may as well 
assume that M is a point. Since our sheaves are conic in the sense of [H §5.5] 
their microsupports are biconic. Now, a closed biconic subset A oi V x V* 
satisfies A G V x [An {0} x V*). Hence we only have to check the inclusions 
at the origin. 

Then the first inclusion follows from [5l Prop. 5.3.1]. 

For the second one we use the Sato-Fourier transform {■)^: D^+(ky) — )■ 
D^+(ky*) defined in §3.7] (D^+(kv) denotes the subcategory of complexes 
with conic cohomology). We have (k^o)^ — kint7° and we deduce the distin- 
guished triangle 

Hence (k^(,\Ao)^ — kintA°\int7° [— 1] and we conclude with [3 Prop. 5.5.5] which 
implies SS(F) n T*V = supp(F^) for F E D^+(ky). □ 

We introduce the kernel: 

(54) L^:=k^*: D\kE) ^ D\kE). 

The morphism k^ — k{o} induces a morphism of functors e: — )■ idobj-kg). 
By we have o ~ L^. Hence, the pair {L^,e) is a projector in 
D^(k£;)°P in the sense of P, Chap. 5]. It will be convenient to write with 
the language of kernels as in ([7]). We define 'j'^ G E x E hj 

(55) 7+ = {(x, V, x', v') e E X E; v - v' G 70}. 
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Then 



(56) ~ k^- 



o 



In the sequel we set 

t/^:=T*Mxy xInt(7o°), 
^ ' Z^:=T*E\U^. 

Proposition 3.17. Let F G D^(kB). 

(i) SS(L^F) C ZZ; = T*M X F X 7°. 

(ii) Consider a distinguished triangle L^F F ^ G Then SS(G) C 
Z.,. In particular, SS{L^F) C (T*M xV x d-f^) U (SS(F) n U^). 

(ill) Let G e D|^(ki^). T/ien Rg,Rr^(G') ~ 0. In particular, RT^{E;G) ~ 
0. 

Proof, (i) follows from ( 152|) and Lemma 13.161 

(ii) Using the exact sequence fl53|) . we have G ~ k^\{o} Then the result 
again follows from ( l52l) and Lemma 13. 161 

(iii) We set H = RT^{G) ~ Rjrom(k^,G). It follows from Theorem [HH 
that SS{H) C Z^. Choose a vector C, G Int(7Q) and consider the projection 

e-.MxV^MxR, e{x,v) = {x;{^,v)). 

Since 7 is a proper cone, 6 is proper on supp H and we get by Theorem 11.61 
that SS(R6'*(if)) C {r < 0} where (t; r) are the coordinates on T*R. More- 
over, supp R6'* (if) C M X {t > 0}. 

Now it is enough to prove that Rr(f/ x ]R;R^^,(if)) = 0, for any open 
subset U of M. Denote by p: f/ x M — )■ M the projection and set H = 
Rp*R6'^,(if). Although p is not proper on supp(if), one easily checks that 
SS{H) C {t > 0,r < 0} and this implies if ~ 0. (This is a special case of 
Corollary 01 ) □ 



The next Lemma follows immediately from the adjunction formula (H6II . 

Lemma 3.18. Let F,G e D^{kE) and assume that L^F F . Then we 
have HomDb(k^)(i^,G) ~ RV^{E; .j^cmi {F,G)) . 
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Proposition 3.19. (a) Let F G D^(kE). Then F G D|^(ki5)^'' if and only 
if the natural morphism L^F F is an isomorphism. 

(b) LetG eD\{\iE). ThenL^G^O. 

Proof (a)-(i) Assume F ~ L^F. Let G G D^z-^O^e) and set H:=J^om.*{F, G). 
Then H belongs to D|^(k£;) by ([52]) and RT^Ie; i/) ~ by Proposition (SHI 
Since F ~ L^F, we get Hom[-)b(kg)(-F, G) = by Lemma [3.181 

(a) -(ii) Assume tliat F G □^^(k^)"'"'' and consider a distinguished triangle 

L^F ^ F ^ G A. By (a)-(i) L^F also belongs to D|^(ki5)^''. Hence 
so does G. On the other hand, G G (k^;) by Proposition 13.171 Hence, 
G~0. 

(b) Let G G D^^(kE) and consider a distinguished triangle L^G G ^ 

H Since both G and H belong to D^^(kE), so does L^G. Since L^G 
belongs to D\_^{kE)^'\ it is 0. □ 

Remark 3.20. One can also consider the projector 

(58) := J^om*{k^, • ) : D^{kE) ^ D^(ks). 

Then we obtain similar results to Propositions 13.171 13.191 and Lemma 13.181 
with instead of L^. Note that the pair {L^,R^) is a pair of adjoint 
functors: 

HomDb(k^)(i^7F,G) ~ HomDb(^^)(F,/2^G) 

~ Homob(,^^)(k^, J^om*(F,G)). 

Note that k^ is cohomologically constructible. If we assume that Int(7) ^ 0, 
then D'k^ ~ kint(7) and one deduces from Lemma [3.101 that 

(59) Jfbm*(k^, k^) ~ ki^ti-^)[dv], 
where dy is the dimension of V. 

Projector and localization 

Recall that E = M x V is a. trivial vector bundle over M, 70 is a cone 
satisfying f lM|) and the sets U-y and are defined in f[57|) . By definition 
D^{kE] U^) is a localization of D^(ks) and we let Q^: □'^(k^j) ^ D^(ks; f/^) 
be the functor of localization. 
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Proposition 3.21. (i) The functor Ly defined in 0541) takes its values in 
□^^(k^;)-*-'' and sends D^^(k£;) to 0. It factorizes through Qy and in- 
duces a functor : D^(k£;; U^) □'^(k^;) such that ~ o Q^. 

(ii) The functor 1^ is left adjoint to and induces an equivalence 
Db(ks;f/,)^D|^(kE)^'^ 

This is visualized by tlie diagram 



(60) 



Proof. This follows from Proposition 13.191 together with the classical results 
on the localization of triangulated categories recalled in Section [1] (see e.g., [HI 
Exe. 10.15]). □ 

In particular, we have for F,G & D^(\<.e) 

Hom„,(,^^^^)(g,(F),g,(G)) Hom„,(,^)(L,(F),G) 
^ ' ^ Homo,(^^)(L,(F),L,(G)). 

There is a similar result to Proposition [2211 replacing the functor with the 
functor The functor takes its values in □^^(k^;)-'-''' and sends D^^(kE) 
to 0. It factorizes through and induces a functor r^: D^{kE]Uj) 
□^(k^;) such that r^ o Q^. 



We notice that, for F e D| (k^)^'' or G G D| (ki^)^'^ we have 



(62) Jfbm*(F,G)GD|^(k^)^'^ 



By Proposition 13.171 (used with R^ instead of L^) we obtain in particular 



(63) Jfom* {F, G) eD^{k 



Notation 3.22. Let us set for short 

D^(kL) 

(64) D^kll) 

D^(kin 



D\kE;U,), 
D|,(k 
DL(k^ 



E) 
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When M = pt, we set 

(65) D'^(k^) : = 

and similarly with □'^(k''''') and D'^(k'^'' 



Denote hjp:E = MxV^V the projection and denote by V the 
functor 



(66) 



RHom (k 



■7' 



D^(k^) ^ D^(k). 



We get the diagram of categories in which the horizontal arrows are equiva- 
lences 



(67) 



□^(k 



My 



D^(k). 



Rp* 

D'^fk^-n 



Note that by Lemma [SlHl for F G D^(k],>') or G G D^(k],/), we have 
(68) RHomDb(k^^)(F, G) ~ H o Rp,J^om*{F, G). 

Embedding the category □'^(k^/) into D^(klj) 

Recall that q: E ^ M denotes the projection and consider the functor 

D^(kM) ^ D^(ks), F^q~^F^k^. 

Lemma 3.23. One has the isomorphism of functors o v]/^ v[/^. 

Proof. One has 

L^o*^(F) = Rsi{q^%®q^\q^^F ^-Ly)) 

~ Rs!(gf^k^ Og^^k^ ®g^^(g^^F)) 

~ Rs[{q^^k^ ® q2^k., IS) s~\q~^ F)) 

^ Rs!(gf^k^ (g)g^^k^) 

~ k^ (g) o^^F. 



□ 
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In the sequel, we consider functor 

(69) vl>^: D\kM)^D\kl,). 
Proposition 3.24. The functor ^ in (l69l) is fully faithful. 
Proof Let F,G E D^(kM). Then 

~ Hompb(k^^)(G, Rg*RJfbm (k^,g~"^F ®k^)) 
~ Hompb(k^^)(G,Rg*(g-^F®k^)). 

Hence, it is enough to check the isomorphism 

(70) F ^Rq,{q-^F(S)k-y). 

Denote by g the projection 7 — )■ M. The isomorphism ( ITOl) reduces to 

F ~ Rq,q-^F 

and this last isomorphism follows from the fact that 7 is a closed convex 
cone, hence is contractible (see for example [5l Prop. 2.7.8]). □ 

A cut-ofF result 

Recall that we consider a trivial vector bundle E = M xV and a trivial cone 
7 = M X 7o satisfying flMl) . We also recall that a subset of T*M x is a 
cone if it is stable by the action f lT7|) . The map tt is defined in flTBl) and we 
have set (see (1571) ): 

= T*M xV X Int7°. 

By the equivalence of Proposition 13.211 any object F G D^{kE;U^) has 
a canonical representative in □'^(k^;) again denoted by F and we have F ~ 
L^{F). By Proposition EZl (i) we have SS(F) C IL^. 

We first state a kind of cut-off lemma in the case where M is a point. 

Lemma 3.25. Let V be a vector space and'-/ G V a closed convex proper cone 
containing 0. Set U^:=V x Int7° and := T*V \ U^. Let F G D|^(ky)^''. 
We assume that there exists a closed cone A G V* such that 
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(i) A C Int7° U {0}, 

(ii) SS(F) r}U^(lV xA. 

Then SS(F) C (SS(F) n U^) U T*V. 

Proof, (i) Up to enlarging A we may as well assume that SS(F) fl f/^ C 
V X IntA. We set A = ^4°. Hence A is a closed convex proper cone of V and 
we have 

(71) A°\{0}clnt(7°), 

(72) SS(F) nf/^ C \^ X Int(A°). 

We will prove that Lx{F) satisfies the conclusion of the lemma as well as the 
isomorphism L\{F) F. 

(ii) By fl72l) and Proposition 13.171 (ii) we have 

(73) SS(F) CV X (^7° U Int(A°)). 

By (l52l) we deduce 

SS(LaF) C V X (A° n (^7° U Int(A°))) 
= V X (Int(A°) U {0}) 

c u^ut;,v. 

(iii) It remains to see that F ^ L\{F). We consider the distinguished triangle 

kA\^ * F ^ LxF L^F A. We have L^F ^ F. By ([73]), Lemma 
and fl52l) we have 



SS(kA\-^ i.F)<zV X ((7° \ Int(A°)) n (^7° U Int(A°))) C Z. 



7' 



which shows that LxF — ?■ F is an isomorphism in D^(ky; f/-^). By Propo- 
sition 13.211 we obtain F ^ L^{L\F). But ^ kA — kA and we get finally 
F ~ LxF. □ 

Now we extend Lemma 13.251 to the case of an arbitrary manifold M. We 
consider a finite dimensional real vector space E = E' x E" with E' = M.'^. 
We write x = (x',x") e E' x E" and x' = {x[,...,x'^) G M.'^. We set 
U =] — 1, l['^xE". We choose a diffeomorphism (p: ] — 1, 1[^^ M such that 
dip(t) > 1 for all t g] — 1, 1[ and we define 

,^.,U^E, $(x;, ...,x'„ x") = {^{x[), ^{x',), x"). 
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Lemma 3.26. In the preceding situation, consider two closed convex proper 
cones 7o C E" and Ci C E* such that Ci C {E'* x Int(7°)) U {(0,0)}. 
Then there exists another closed convex proper cone C2 C E* such that C2 C 
{E'* X Int(7S)) U{(0,0)} o.'^d 

<l>^$^i(?7xCi)cExC2. 

Proof, (i) We assume that Int(7Q) is non empty (otherwise the lemma is 
trivial). Then a closed cone of E* is contained in {E'* x Int(7o)) {(0' 0)} if 
and only if it is contained in Ca,D '■= ^>o ■ {[~cLi ^ for some a > and 
some compact subset D C Int(7Q). Hence we may assume Ci = Ca,D- 

(ii) Denote by (a;'; ^') the coordinates on X (M!^)*. We may assume that 
E" = M'" and we denote by {x";^") the coordinates on E" x {E")*. The 
change of coordinates $ defined hj y'^ = (p{x'^ {i = 1, . . . ,d), y" = x" asso- 
ciates the coordinates (y; r/) = (?/', y"\ r/', r/") to the coordinates (x'^, . . . , x^, x"; 

with 

i/: = v'(^:), ry: = c?¥.-'(x:)-c (2 = i,...,rf), 

/ = x", r/" = r 

Since (i(/9(t) > 1, we get that $^$^^([7 x Ca^o) C E x Ca,D and we may 
choose C2 = Ca,D- n 

Theorem 3.27. Let F e D\ (kij)^'^ We assume that there exists A C 
T*M X V* such that 

(i) A is a closed strict '-j-cone {see Definition \3.1\ . 

(ii) SS(F)nf/^C7r^^(A). 

T/ien SS(F) C (SS(F) n U^) U T*E. 

Proof. Since the statement is local on M we may assume that M is an open 
subset of a vector space W . Then A is a closed subset of M x W* x V* . For 
any x G M, := A fl ({x} x W* x y*) is a cone satisfying 

A, c(l^*xInt(7o))U{(0,0)}. 

For Xo G M and for a given compact neighborhood C of Xq we may assume 
that there exists a closed convex cone B of W* x l^* such that A^ (Z B for 
any x G C and 

i?c(iy*xInt(7o°))U{(0,0)}. 
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We may assume Xq = G W. We choose an isomorphism ly ^ M*^ so that 
] — 1, ^'^C C. Then we apply a change of coordinates as in Lemma [223 with 
E' = W, E" = V, Ci = B, and we are reduced to Lemma 13.251 apphed to 
the vector space W x V and the cone 7 = {0}x7o. □ 

A separation theorem 

The next result is a slight generalization of Tamarkin's Theorem [121 Th. 3.2]. 
In this statement and its proof, we write n instead of vf^; for short. 

Theorem 3.28. (The separation theorem.) Let A,B be two closed strict 
^-cones m T*M x V* . Let F e D^.^^^^CkE^U^) and G G D^_i(^)(ki5; [/^). 
Assume that Af] B d Tl^M x {0} and that the projection g2 : M xV ^ V 
is proper on the set {(x, fi — V2)] {x,vi) G suppG, (x, 172) G suppF}. Then 

Rq2,J^om*{l^{F)J^{G)) ~ 0, 

wherel-y is defined in Proposition \3. 21[ In particularB.om^i,fy.^.fj ^{F,G) ~ 0. 

Proof. We set L = .J^om* {1^{F) , 1^{G)) and L' = Rq2^L. By ([62]) we have 
L G □^^(k^;)^'''. By adjunction between Rg2* and we deduce L' G 
(ky)-*-'^. It remains to check that SS(L') C Z^^^. 
^By Theorem [323 we have SS(F) C 9'^ (A) and SS(G) C n-\B). Then 
Proposition 13.131 gives SS(L) C 7r~^{A)^ {n^^{B))"'. Applying Lemma [3771 
we get 

SS(L) n {TIjM X T*V) C T^E. 

Using Lemma I3.10[ the hypothesis implies that q2 is proper on supp L. We 
deduce SS(L') C T*Vand thus L' ~ 0. 

Proposition 13.211 and Lemma 13.181 give the first two isomorphisms in the 
sequence 

HomDb(k^.^^)(F,G') ^ Hom[5b(k^)(F,G') 

- HomDb(ks)(k^,i^) ^ Hom[3b(j^^)(k^,,L') ^ 0, 

which proves the last assertion. □ 
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Kernels 



We consider E = MxV,'y = Mx^Q and a kernel K G D^(kExE)- We 
introduce the coordinates {x,y,x',y']C,,'r],C,',Ti') on T*[E x E) and we make 
the following hypothesis 

(74) SS(i^) C {?7 + r/' = 0}. 

We recall that ~ o ■, where 7+ C -E x is defined in flSSp . 

Proposition 3.29. Let K G □'^(k^jxs) which satisfies fl7^ . ThenKo'k^+ ~ 
k^+ o/r. In particular K o ■ sends D^(k]|}') mto «tse//. Moreot'er SS(-ft') o{r/ < 
0} C < 0} and SS(fs:) > 0} C {r/ > 0}. 

Proof. We define the projection cr:Mx'KxMx'K— j-MxMxI/as 
the product of iduxM with a^: V x V ^ V , {y,y') ^ y — y' . Then the 
hypothesis fl71|) and Corollary 11.81 give ~ a~^{K'), where K' = Rcr^,(-R'). 
We also have by definition k^+ ^ cr~^(kMxA/x7o)- The base change formula 
applied to the Cartesian square 



V xV xV 

0-00912x0-00923 

VxV- 



<J13 



VxV 



V 



gives the first and third isomorphisms below: 



Kok^+ ~ a~'{K'i.k 



M X M X 70 y 



MxMx 70 



^ A") ~ k^+ o AT. 



The last assertion follows from the hypothesis (^^. 



□ 



4 The Tamarkin category 

We particularize the preceding results to the case where = R and 70 = 
{i G M; t > 0}. Hence, with the notations of ( 1571) . we have U-y = {r > 0}. 
As in Section |2] we denote by T^^^^y{M x M) the open subset {r > 0} of 
T*{M X M) and we define the map 

(75) p: T(^^o}iM x R) ^ T*M, (x,t;e,r) ^ {x;^/t). 
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We also use Notations 13.221 Moreover, for a closed subset A of T*M we set 
D\{kl) :=Dj_.(^)(kMxM;{r>0}). 

Lemma 4.1. Let A C T*M and F G D^(k]^). Let A' C T*M x R be 

given by A' = {{x; C,,t);t > 0, {x;^/t) G A} and consider F as an object 
of D^{\ilj). Assume that tim is proper on A. Then A' is a strict 7-cone and 
SS(F) C n~'^(A'). In particular supp(F) C iiMiA) x M. 

Proof. The properness hypothesis gives A' = A' U (nMiA) x {r = 0}) 
and this implies the first assertion. Then Theorem 13.271 gives SS(-F) C 
n-\A^)UTl^^^{MxM.). Hence, if (x,t;0,0) ^ 7r-i(A'), we have SS(F|c/xr) C 
T^xjg(f/ X M) for some neighborhood U of x. But L^F ^ F and we deduce 
F\u^^ = 0, which proves (x, t; 0, 0) ^ SS(F). So we get SS(F) C Tr~\A). □ 

Example 4.2. (i) Let M = M endowed with the coordinate x and consider 
the set 

Z = {(x, t) G M X M; -1 < X < 1, < 2t < -x^ + 1}. 

Consider the sheaf kz and denote by (x, t ; ^, r) the coordinates on T* (M x M) . 
The set SS(k2) is given by 

{t = 0, -1 < X < 1, r > 0, ^ = 0} U {2t = -x^ + 1, ^ = XT, r > 0} 
U{x = -1, t = 0, < < r, r > 0} U {x = 1, t = 0, < ^ < r, r > 0} 

UZx{^ = r = 0}. 

It follows that, denoting by (x; u = ^/t) the coordinates in T*M, p(SS(k^) fl 
{T*M X f*R)) is the set 

{m = 0, -1 < X < 1} U {m = X, -1 < X < 1} 
U{x = -1,-1 < M < 0} U {x = 1,0 < M < 1}. 

(ii) Let a G M and consider the set Z = {(x,t) G M x M; t > ax}. Then 
p(SS(k^)) in T*M is the set {(x; u); u = a}. 

(iii) If G is a sheaf on M and F = G K k,>o, then p(SS(F)) = SS(G). 
The separation theorem 

Using Lemma 14.11 we get the following particular case of Theorem 13.281 

Theorem 4.3. (see [T2l Th. 3.2].) Let A and B be two compact subsets 
of T*M and assume that A fl 5 = 0. Then, for any F G D54(k]^j) and 
G G D%(klj), we have HomDb(k7 )iF,G) ~ 0. 
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5 Localization by torsion objects 



In [12], Tamarkin introduces the notion of torsion objects, but does not study 
the category of such objects systematically. Hence, most of the results of this 
section are new. 

In this section we set for short Z = {T*M) x R x {r > 0}, a closed subset 
of T*(M X M). Recall that D|(kA/xM) is the subcategory of F e D^(kMxM) 
such that SS(F) C Z. By Proposition 13.91 we have F G D^(kMxR) if and 
only if the morphism P3|) is an isomorphism, which reads 



(76) 

Define the map 

TciMxR^MxM, {x,t)^ {x,t + c). 
For F G D|(kjvfxR) we deduce easily from fl76|) 
(77) 

The inclusions [c/, +oo[c [c, +oo[, for c < c?, induce natural morphisms of 
functors from D|(kMxi8) to itself 

Tc4- Tc* -^Td^, c<d. 

We have the identities: 

(78) T,,or,, ^T(,+,)^, c,deR, 

(79) Te^{TcA{')) = Te+c,e+d{') = Tc^iTe^i')), C < d, 6 G M, 

(80) Tc,d O Td,e = r^e, C < d < 6. 

Definition 5.1. (Tamarkin.) An object F G D^(kMxR) is called a torsion 
object if tq^c{F) = for some c > (and hence all c' > c). 

Let F G D^(kMxR) and assume that F is supported by M x [a,b] for 
some compact interval [a, b] of M. Then F is a torsion object. 

Remark 5.2. One can give an alternative definition of the torsion objects by 
using the classical notion of ind-objects (see [6] for an exposition). An object 
F G D^(kAf xr) is torsion if and only if the natural morphism F — )■ "lin^" Tc^F 
is the zero morphism. c 
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We let be the full subcategory of D^(kMxR) consisting of torsion 
objects. 

Lemma 5.3. Let F ^ G ^ H F[l] be a distinguished triangle in 

D^(k7v/xR)- 

(i) If H belongs to JKor, then there exist c > and a: G ^ Tc^^F such that 
To,c{F) = aou. 

(ii) // there exist c > and a: G ^ T^^F making the diagram 

F 



roAF') 



commutative, then H G ^tor- 




Proof, (i) Choose c > such that Tq^c{H) — and consider the diagram with 
solid arrows 



.[-1] 



■G 



roAF) 



roAG) 



Tc,u 



Tc*G. 



H[-l] 

roAH[-l]) 

Since ro,c(-f^[— 1]) — 0, we have to,c(-^) o 1] = 0. Since Horn ( • , Tc^^F) is a 

cohomological functor we deduce the existence of a. 

(ii) We apply T^.^ twice and obtain morphisms of distinguished triangles: 



roAF) 




T2c*F ■ 



'2c* 



By hypothesis tq^c{H) o v = Tc^^v o Tc^u o a = 0. As above, we deduce the 
existence of /3 such that tq^c{H) = (3 ow. Applying the morphism of functors 
ro,c : id Tc to /3 we find 



ro,,(T,,i7)o/3 = Te,/3oro,e(F[l]). 
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We deduce: 



ro,e(T,,i/) o To,,{H) = ro,e(T,,i/) o f3 o w = o ro,e(F[l]) o w 

= T,,P o a[l] o u[l] o w = 0. 

Using (ITHj) we obtain Tq^2c{H) ^ so that H G ^tov □ 

Theorem 5.4. T/ie subcategory ^-5 a 't-w^^ system in D^(kjvfxR)- 

Proof. It is clear that an object isomorphic to a torsion object is itself a 
torsion object and that is stable by the shift functor. Hence it remains 
to check that if F — )■ G — )■ if ^4 is a distinguished triangle with F, G e cA^oi 
then if G ^or- We choose c > such that ro,c(-^) = and To^dG) = and 
we apply Lemma 15.31 (ii) to the diagram 

F- 



□ 

Corollary 5.5. For any F G D|(kj\/xR) anc? an?/ c > 0, i/ie cone of tq c{F) 
is a torsion object. 

Proof. We apply Lemma 15.31 (ii) to the commutative diagram 

F- 

□ 

The subcategory D^(k1'j) of D^(kAfxR) is contained in D^ikMxR)- So we 
can define torsion objects in D^{k.]^j) or in the equivalent category D'^(k^j). 
We let be the subcategory of torsion objects in D'^(k]^j). Then Theo- 
rem 15.41 implies that ^t2r is a null system. 

Definition 5.6. The triangulated category 3^(\<.m) is the localization of 
D^{klj) by the null system In other words, =^(kM) = D^(k]^)/^2r. 
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By Corollary 15. 5^ Tq^c{G) becomes invertible in ^{Vlm) for any G G 
Hence for a morphism m: F — G in D^(k]^) and for c > we 
can define ro,c(G)~^ o u: F — )■ G in ^{}<iM)- The family of rc,c'(G)'s defines 
an inductive system {Tc^G}c and we have tq^c'{G)~^ oTc^^i{G)ou = to^c{G)~^ou 
for c' > c. This defines a natural morphism: 

(81) hi^ Hom^,(^.^)(F,T,,G)^Hom^(^^^)(F,G). 

C ^ + CX3 

Proposition 5.7. For any F,G E D^(k]^j) the morphism flHT]) zs an isomor- 
phism. 

Proof, (i) Let us first show that f lHT]) is surjective. A morphism u: F — G in 
^(kj,/ ) is given by F — )■ G' ^ G, where the cone of s is a torsion object. By 
Lemma ES] (i) there exist c > and a : G' — )■ T^^G such that tq^c{G) = ao s: 



G' 




G 

TO AG) 

Tc^^G. 

Hence we obtain u = tq c{G)~^ o a o t> in 3^(\<.m)- In other words u is the 
image of a o y by ( 181]) . 

(ii) Now we show that f lHT]) is injective. We consider u: F^T,,G in Db(kX,) 
such that roc(G)~^ o n = in 5^(kjvf). Then u = in ^(k^./) and this 
means that there exists s : Tc^G G' such that the cone of s is a torsion 
object and s o m = in D^(k]|^). By Lemma 15.31 (i) there exist (i > and 
a: G' — )■ T(^c+d)JG such that Tc^c+d{.G) = ao s: 




We obtain Tc^c+d{G) ou = aosou = Q which means that the image of u in 
the left hand side of ( ISTI) is zero, as required. □ 



Recall the functor in (169 
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Corollary 5.8. The composition □'^(kjv/) — ^ D'^(kMxR; U^) — ^ ^0<-m) is a 
fully faithful functor. 

Proof. For F,G ^ D^(kM), the proof of Proposition 13.241 gives as well 

HomDb(k„)(G',F) ^ Homt,,(^^^^^)(GKk[o,+oo[,i^Kk[,,+„o[) 
for any c > 0. Then the result follows from Proposition 15.71 □ 

Strict cones and torsion 

For a connected manifold M and F G D^(kA/xR) we give a condition on 
SS(F) which implies that F is torsion over any compact subset as soon as it 
is torsion at one point. 

We first give a preliminary result on M x / x M. We set E = M.'^ and we 
take coordinates (s, t; a, r) on T*E. We fix a > and define the cone 7^ = 
{{s,t);t > a\s\} in E. We set Ua = E x lnt7°. We recall Proposition I3.9i 
reformulated using dS]): for F E D^(kMx£), we have SS(F) C T*M x Ua if 
and only if 

(82) F -knpkMx-fc. — ^SE*^^MxExlnt"/c{(ll^F) F, 

where se- MxExE^MxE is the sum of E. 

Proposition 5.9. Let I be an interval ofW,Ma manifold and q: M x I x 
R ^ M xR the projection. Set = I x [0, +oo[. Let F e D''(kMx/xK)- 
We assume that there exists a closed strict '-/-cone A C (T*/) x M such that 
SS(F) C T*M X 7r-\A). Then, for any s, < S2 E I, Rq.iF ®kMx[s,Mx^) 
andRq^{F ®kMx]si,s2]xR) are torsion objects of D^zO^mxM.) ■ 

Proof, (i) We only consider G := Rg*(F ® kjv/x[si,s2[xM), the other case being 
similar. We may restrict ourselves to a relatively compact subinterval of 
/ containing si and S2. Hence we may assume that SS(F) is contained in 
T*M X {r > a|cr|} for some a > 0. Then, applying Lemma [3.261 and changing 
a if necessary, we may assume that / = R. 

(ii) We set a = a'^ so that 7° = {r > a\a\} and SS(F) C T*M x Ua- Since 
) C TIjM xT*RxT^M, Corollary Ogives -F(8)kMx[si,s2[xR - 
RrMx]^*i,s2]xR(-^) and the formula ([82]) gives 

G ~ Rq^RsE.RTMxDiqT'F), 
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where D = {E x Int7a) fl {{s,t, s' ,t'); si < s + s' < S2}. We consider the 
commutative diagram 



M X ExE- '"^ 




M X E 



where g(s, t, s', t') = (s, t, t'), qi{x, s, t, t') = (x, s, t) and s{x, s, t, t') = {x,t + 
t'). The adjunction between R(idA/ xg), and (idM xg)' gives 

G ~ RS*R(idM xg)^RJfbm(kMxD, (idjv/ xg)'gr^-^)[-l] 

(83) ~ Rs,Rjrom(kM KRg!kD,gr^F)[-l]. 

(iii) Through the isomorphism ( l82l) the morphism Tc(-F) is induced by the 
morphism kT,(£;xint7a) k£;xint7,, where Tc{s , t , s' , t') = {s,t,s',t' + c). Us- 
ing ( 183|) it follows that rc(G) is induced by the morphism Uc'. ^^TdD) — ^ ^d- 
Hence it is enough to see that the image of Uc by Rgi is the zero morphism. 
In the remainder of the proof we show that Rgik/) and Rg!kT^(£)) have disjoint 
supports for c big enough. 

(iv) For a given point (s, t,t') e E x R we have q~^{s, t, t') n -D = if f < 
and otherwise 

q"^{s,t,t')nD = {s'; Si- s < s' < S2~ s, t' > a\s'\} 
= ]si- s, S2 - s] n [-a~h', a~h']. 

This is or a half closed interval when t' is not in Is: = [—a{s2 — s), —a{si — s)[. 
It follows that supp(Rg!k£i) is contained in D' := {{s,t,t')] t' G Is}- The 
support of Rq\kT^(^D) is contained in T^{D'), with T^{s,t,t') = {s,t,c + t'). 
Since Ig is of length a{s2 — si) (independent of s) we obtain D' nT^'(D') = 
for c > a{s2 — si). □ 

From now on, we consider a connected manifold M and F G D^(kj\/xi8). 
We set 7 = M X [0, +00 [ and we make the hypothesis 

(84) SS(F) C 7f~^(A) for some closed 7-strict cone A C (T*M) x M. 
In particular F e Df^>o}(kj,/xR). 
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Lemma 5.10. Let F G □'^(k^xE) satisfying ( I84p . We assume that there 
exists X E M such that -F|{2,}xr is a torsion object in D|^>Q|(kK). Then 
there exists a neighborhood U of x such that F\jj^^ is a torsion object in 

Proof, (i) We may assume that M is an open set in some vector space V and 
X = 0. We take coordinates (x, t;^,r) on T*{M x R). We may also assume 
that SS(F) C {r > a||^||} for some a > and that M contains the open 
ball of radius 1, say B. We set /=] — !, 1[ and take coordinates {s;a) on 
T*I. We define the homotopy h: B x I xR ^ B xR, {x, s,t) {sx, t). For 
So G / we set h^^ = h{-, Sq, ■)• 

(ii) We check that h~^{F\Bxm.) satisfies the hypothesis of Proposition EH We 
have hn{x, s,t; ^,t) = (sx; t^, r) and hd{x, s,t; ^,t) = (x, s, t; s^, (x, r). 
Hence Ker hd is contained in {r = 0}. Since SS(F) fl {r = 0} is contained in 
the zero-section, F is non-characteristic for h and we find 

SS{h-\F))c{{x',s',t'-e,a\T'y, a' = {x',0, r' > a\\e\\/\s'\}. 

On 5 X / we have < 1 and |(x',^')l < ll^'ll- We deduce SS{h~\F)) C 
{r' > on i? x / x M, as required. 

(iii) We apply Proposition l5.9l to h~^{F) on i? x / x M with si = 0, S2 = 1/2. 
For J C / we set Gj = Rg*(/;."^(F|BxR) ®kMxjxM)- We note that G{s} — 
/i7^(F|bxm) for any s G /. We have the distinguished triangles on i? x M 

G]0,l/2] G'[0,l/2] ^{0} G[o,l/2[ ^[0,1/2] C!{i/2} 

where G]o,i/2] and G'[o,i/2[ are torsion by Proposition 15.91 Since ho is the 
contraction i? x M — {0} x M the hypothesis implies that G{o} is torsion. 
Hence G[o,i/2] is torsion by the first distinguished triangle and then G{i/2} also 
is torsion by the second one. Since hi/2 is a diffeomorphism from B x M. to 
U xM., where U is the ball of radius 1/2 we deduce that F|c/xr is torsion. □ 

Lemma 5.11. Let F G D'^(kjv/xM) satisfying ( l84l) . We assume that there 
exists xo G M such that Fl^^ojxR is a torsion object in D|^>g|(kK). Then 
F\{x}xR O'lso is a torsion object in D|^>g|(kifj) for all x G M . 

Proof. We set / =] — 1 , 1 [ and we choose an immersion i: I ^ M such 
that i(0) = Xo and ?(l/2) = x. Then i~^F satisfies the hypothesis of 
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Proposition 15.91 on J x M. We let g : / x R — )■ M be the projection. Then 

-F|{j(s)}xR — R'Q'*(^~^-^®k{s}xR) for any s G /. Now we have the distinguished 
triangles 



+1 



Rg*(z ^F(8)k]o,i/2]xi8) ^F(8)k[o,i/2]xM) « ^F||^.o}xi 
Rg*(r^F (g) k[o,i/2[xR) Rg*(i"^F ® k[o,i/2]xR) 

and we conclude as in part (iii) of the proof of Lemma 15.101 □ 



+1 

|{x-}xR ^ 



Theorem 5.12. Let M be a connected manifold and let F G D^(kA//xR) 
satisfying ( |84l) . Then the following assertions are equivalent: 

(i) there exists Xq E M such that -F|{xo}xr is a torsion object in D|^>g|(kK), 

(ii) for any relatively compact open subset U G M the restriction -F|{7xm is 
a torsion object in D|^>g|(kt/xM)- 

Proof. We only need to prove that (i) implies (ii). By Lemmas 15.101 and 15.111 
we can find a finite cover of U, say {Ui}, i = l,...,n, such that F\u^xr 
is torsion. We conclude with the remark that, for any two open subsets 
V,W G M, if F|vxR and -F|^xr are torsion, then so is F\(^vuw)xm.- Indeed we 

apply LemmalESto the triangle F(vnw)xR Fvxr®Fwxr -F(yuvi/)xR ^ 
and the commutative square 




^c*(-^(ynH/) 



□ 



6 Tamarkin's non displaceability theorem 

We will explain here Tamarkin's non displaceability theorem which gives a 
criterion in order that two compact subsets of T*M are non displaceable. 

In this section we consider a Hamiltonian isotopy $: T*M x J — )■ T*M 
satisfying (129|) . that is, there exists a compact set C C T*M such that 
fs\T*M\c is the identity for all s G /. 
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Let $: T* (M X M) X J t*(M X R) be the homogeneous Hamiltonian 
isotopy given by Proposition 12.21 and A C T*{M x M x Af x M x /) the conic 
Lagrangian submanifold associated to $ in fl26l) . Let K G D^^(kMxRxMxMx/) 
be the quantization of $ given in Theorem 12.11 

Invariance by Hamiltonian isotopy 

For J C / a relatively compact subinterval of /, we introduce the kernel 

i^-M xMxMxRx J ) e D^kM xRxMxM J, 

where ^1234 is the projection on the first four factors. We remark that K 
and K-^ satisfy the hypothesis (171|1 . Hence, by Proposition 13. 29[ composition 
with K'^ defines a functor 

(85) ^j: D\kl) ^ D\kl,), F^K'oF. 

We note that K'^^^ ~ -^|mxRxMxMx{s}- We set for short ^ g = ^ {s}- We have 
^0 - id. 

Theorem 6.1. Let $: T*M x I ^ T*M be a Hamiltonian isotopy sat- 
isfying ( !29l) . For s E I and J G I a relatively compact subinterval let 
'^j,'^s- D^(k]/) D'^(k]/) be the functors defined in ([85]). Then for A 
a closed subset ofT*M and F G □^(kjj-) we have 

(i) ^siF)eDl^^^ikl)foranyseI, 

(ii) j,[(F) and \E'](ib](F) are torsion objects for any a <h E I , 

(iii) for s G /, s > 0, there exist distinguished triangles 

and similar ones for s < 0. In particular we have a natural isomorphism 
F ^ "^siF) in ^{kM) for any s G /. 

Proof, (i) We set = A o T*L This is the graph of (ps- Hence 

SS(^,(F)) n {r > 0} C A, o p~\A) = ^s{p~\A)) = p~\^s{A)), 

which proves the first statement. 
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(ii)-(iii) (a) We set F = o F which belongs to D^^{k'lj^j) by Proposi- 
tion Km We have SS(F) n {r > 0} C A o p~\A). As in Lemma O 
we define A' C T*M x R hy A' = {(x;{,r);r > 0, (x;^/r) G A}. Then 
A' is a strict 7-cone. It follows that there exists a closed strict 7-cone 
B C T*(M X J) X M^such that A o p-^{A) C 7r-i(E) n {r > 0}. Then 
Lemma O gives SS(F) C 7r"^(fi) U Tlj^j^^{M x / x M). In particular 
F|a/xJxe satisfies the hypothesis of Proposition 15.91 for any relatively com- 
pact subinterval J G I. 

(b) We let g : M x / x M A/ x M be the projection. For a relatively compact 
subinterval J C / we have ~ Rq^{F®kMxjxM.)- Then (ii) follows from 

Proposition 15. 9[ The triangles in (iii) are induced by the excision triangles 
associated with the inclusions {0} C [0,s] and {s} C [0,s]. Then (ii) gives 



Application to non displaceability 

Recall that two compact subsets A and B oi T*M are called mutually non 
displaceable if, for any Hamiltonian isotopy $: T*M x / — )■ T*M satisfy- 
ing (l29l) and any s G /, A fl (Ps{B) 7^ 0. A compact subset A is called 
non displaceable if A and A are mutually non displaceable. Let A and B 



be two compact subsets of T*M, let F G D\{kll) and G G D^(k]^'). Let 
ga: M X M ^ M be the projection. Recall that Jifom*{F,G) G D^(k]/) 
by (162]). We deduce by adjunction that Rq2^Jifom* {F, G) G D^(k^'''). We 
shall consider the following hypothesis: 



Theorem 6.2. (The non displaceability Theorem of [121 Th. 3.1].) Let A 

and B be two compact subsets ofT*M. Assume that there exist F G D\{]s.lf) 
and G G D^{k.lj) satisfying the hypothesis f lSB]) . Then A and B are mutually 
non displaceable in T*M. 

Proof. Assume $ is a Hamiltonian isotopy such that lPsq{B) fl A = 0. We 
consider $: f*{M x M) x / ^ f*{M x M) and K G D'^(kA/xRxA/xRx/) as in 
the introduction of this section. 

We define F', G' G D^(k]}'^^) hy F' = F Mkj and G' = K o G. We 
let q23: M X R X I ^ R X I he the projection. We have F ~ F'\mxRx{s} 
and we set Gg = G'\mxRx{s}- By Lemma l4.ll and Corollary 13. 15^ we have 




□ 



(86) 



Rg2*=^om*(F, G) is not torsion. 
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AfxRx{s} — Jifom*{F,Gs). By Lemma |4JJ ^23 is proper on the 
support of J^om* {F' , G') and we get 

(Rg23*^om*(F',G"))U/xRxM ^ Rq2.J^om*{F,Gs). 

Since SS(G's) C p'^{(ps{B)), Theorem 14.31 implies Rq2^J^om*{F,Gso) = 0. 

By Proposition l3. 13l and Lemma [XTf the microsupport of Jifom*{F', G') is 
contained in 7r~^{G) for some strict 7-cone C. Hence a similar inclusion holds 
for the microsupport of Rg23*^om*(F', G'). Then Theorem 15.12 1 implies that 
J^om*{F,Gs) is torsion for all s G /. In particular J^om*{F,G) is torsion, 
which contradicts the hypothesis (186|) . □ 

Corollary 6.3. Let A and B he two compact subsets ofT*M. Assume that 
there exist F G D|^(k]^) and G G D^(k]^) such that Hom^(j^^^)(F, G) ^ 0. 
Then A and B are mutually non displaceable in T*M. 

Proof. By Proposition l5.7[ there exists c G M such that the morphism induced 
by Tc,d{G), Hompb(k7^)(-F, Tc*G) Bom ^^^^^^^{F^Td^G) is non zero for all 
d > c. But Lemma 13.181 gives 

Homob(k.^)(F,T,,G) ~ Hfo,+oo0; Rq2.^om*{F,T,M)). 

On the other hand we see that Rq2^J^om* {F,Tc^G) ~ Tc^.Rg2*^om*(F, G) 
and that Tc^d{G) induces rc,(i(Rg2*=^om*(F, G)) through this isomorphism. 
Hence Rq2^Jifom* {F, G) is non torsion and we can apply Theorem 16. 2[ □ 

Let y4 be a closed conic subset of T*M. We know by Corollary 15.81 that 
the functor 

(87) Jm : D^(kM) ^ ^{kM), F^F^ k[o,+oo[ 

is fully faithful. Applying Corollary 16.31 with F = G = jA/(kM) G '^{k-M) 
and A = B = T^^M, we get 

Corollary 6.4. Assume M is compact. Then M is non displaceable in T*M. 

In [12] , Tamarkin applies the non displaceability Theorem 16.21 to prove 
that the following sets are non displaceable. 

Set X = P(C)" endowed with his standard real symplectic structure. 
Consider the sets A := P(M)'" and B ■.= T = {z = {zq, . . . , Zn); \zo\ = . . . \zn\}. 
Then A and B are non displaceable and A and B are mutually non displace- 
able. 
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